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ON HARISH-CHANDRA'’S ;-FUNCTION FOR p-ADIC GROUPS
BY
ALLAN J. SILBERGER!

ABSTRACT. The Harish-Chandra p-function is, up to known constant factors, the
Plancherel’s measure associated to an induced series of representations. In this
paper we show that, when the series is induced from special representations lifted
to a parabolic subgroup, the p-function is a quotient of translated u-functions
associated to series induced from supercuspidal representations. It is now known,
in both the real and p-adic cases, that the p-function is always an Euler factor.

This paper continues the development of the theory of harmonic analysis on
reductive p-adic groups. In the first section we recall notation, terminology, and a
few facts from [1] and [4]. The second section states and proves our main result
(Theorem 1). In the proof of Theorem 1, Harish-Chandra’s inequalities and theory
of the Schwartz-space for p-adic groups ([4, §4.3], especially) play an essential role.
The proof proceeds via three lemmas which show, in essence, that one can compute
the c-functions (or intertwining operators) for induced from discrete series repre-
sentations by analytically continuing the corresponding functions for certain in-
duced from supercuspidal representations. These results are extensions and refine-
ments of results of Harish-Chandra [1], [2]. They are analogues of results proved by
Knapp and Stein [3] and Wallach [6] for real groups.

The major difference between the theory as developed in the references for real
groups and the present paper lies in the fact that supercuspidal representations, in
the p-adic case, may be associated to the Levi factor of any parabolic subgroup
while, for real groups, one needs to study the analytic continuation of intertwining
operators only for principal series representations, i.e., representations induced
from a minimal parabolic subgroup. Since a Levi factor of a nonminimal parabolic
subgroup is not compact modulo its center, our paper depends on the theory of the
Schwartz space in a way not required for the corresponding discussion for real
groups. Otherwise our methods are quite similar to those of Knapp and Stein and
Wallach.

1. Preliminaries. Let  be a nonarchimedean local field of module q. Let G be
the group of all 2-points of a connected reductive algebraic group defined over Q.

Throughout the paper we shall employ the convention of referring to algebraic
groups defined over £ and to their corresponding groups of Q-points by the same
capital letter, leaving it to the reader to interpret our meaning from the context.
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Fix a minimal p-pair (Py, Ay) (Py = MyN,) and an A,-good maximal compact
subgroup K [4, §0.6]. We use a subscript zero to denote various entities associated
to 4, (e.g., a§, a5, W(Ay), etc.; see later) as opposed to the analogous entities for
the more general tori and p-pairs considered below.

Let A be a standard torus of G and let M = M, denote its centralizer. We write
%P (A) for the set of all p-subgroups of G having A as a split component. Every
P € 9(A) has a Levi decomposition of the form P = MN, = MN. For every
P € P(A) there is a unique p-subgroup P € 9 (A) such that P N P = M. We call
P the opposite of P and write N = Nj for its unipotent radical. Write 8, for the
modular function of P € ¥ (A).

Let W(A) or W(G/A) denote the “Weyl group of 47, i.e., the finite factor group
Normg(A4)/Centg(A).

Fix a smooth unitary double representation (¥, 7) of K which satisfies associativ-
ity conditions [4, §1.12]. Let 7,, denote the restriction of 7 to K,, = K N M. Given
P\, P, € P(A) (P, = MN,, i = 1,2), we write Vp , for the subspace of ¥ consist-
ing of all v € V which satisfy 7(n,)vr(ny) = v for allm;, € N, 1 K (i = 1, 2). Then
Vp,p, 18 Ta-stable; we write 7p p for the subrepresentation of 7), on Vp p . Write
C(M, 7,,) for the space of all functions f: M — V which satisfy f(k,mk,) =
(k) f(m)Ty(ky) (m € M; ky, k, € K),). Write C(M, 7p ) for the subspace of
C(M, 7)) consisting of all functions whose images lie in V| Py

We write &6c(M) for the set of all classes of irreducible admissible representa-
tions of M, & (M) for the subset consisting of all unitary classes. We write °6 (M)
for the set of all classes of irreducible supercuspidal representations of M; °6 (M)
denotes °6(M) N & (M). Write &,(M) for the set of all classes of discrete series
representations of M and &,,(M) = &,(M) — 06 (M).

Let X(A) and X(M) denote, respectively, the group of all rational characters of
A and the group of all rational characters of M which are defined over 2. The
group X(A) is a free abelian group of finite rank and we may regard X(M) as a
subgroup of finite index. Write a* = X(4) ® , R and a = Hom(X(4),Z) ® ; R
ag and ac for the respective complexifications. We regard X(4) and X(M) as
identified with their images in a* and ad. There is a natural pairing ¢ , ):
a¢ X ac — C and a homomorphism H: M — a such that log |x(m)| = {x, H(m))
for all m € M and x € X(M). We also define Hp: G — a by setting Hp(kmn) =
H(m) (k€ K,m& M,n € N) for any P € ¥(A). For any » € a¢ we define a
quasi-character x, of M by setting x,(m) = g"~' "#™> (;m € M); if » € a*, then
X, is a unitary character. For any » € o} we write » = vg + V-1 »; (vg, ¥, € a*)
andset7 = vg — V-1,

For any P € 9 (A) we write p, for the element of a* such that g*¢rfr(P> =
Sp(p) forallp € P.

To any P € 9 (A) there corresponds the set =(P, A) of positive A-roots; the set
(P, A) equals the set of images in a* of the nontrivial rational characters of 4
which occur in the adjoint representation of 4 acting on the Lie algebra of P. We
fix a W(A4y)-invariant inner product on af and use it to identify a, and af, thus a
and a*, too. Regard Z(P, 4) as a subset of a. Let *a* denote the open chamber in
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a* consisting of all » € a* such that {», a) > 0 for all a € Z(P, 4). Let G(P) be
the set of all » € ag such that v = vg + V-1 », with g € a* and »; € *a*.
Normalize the Haar measure on N such that 5 . din = 1. Set

¥(G/P) = fﬁ g XerHA ) g

It is known that y(G/ P) does not depend on the choice of P € % (A4) [4, Corollary
5.4.3.4], so we write y(G/M) = y(G/ P). If the Haar measure dk on K is normal-
ized (so that 1 = [, dk), then dk and y™'(G/M)q*PrH™dn determine equal
measures on the homogeneous space G/ P.

We recall that both ag and W(4) act on &c(M). For any 0 € w € (M) and
v € ad set 0,(m) = o(m)x,(m) (m € M). Call w, the class of ,. The groups a¢ and
a* stabilize °6o(M) and &,(M), respectively. For any 0 € w € &c(M) and any
representative y = y(s) € G of s € W(A) set o”(ymy™') = o(m) (m € M). The
class w* of 6” depends only upon s.

For any P € 9(A4) (P = MN) and 0 € w € bc(M) we write I(P, o) for the
admissible induced representation Ind§(8,/%s), where o € w is regarded as a
representation of P which is trivial on N. We write I( P, w) for the class of I(P, o).

Let 0 € w € 6c(M) and let o act in a vector space U. Let o~ denote the
(admissible) contragredient of o, acting in the space U ~, of smooth linear function-
als on U. A function of the form f(m) = <u~, o(m)u) (W€ U, u~ € U;
m € M) is called a matrix coefficient of ¢ or w. We write &(w) for the vector space
spanned by all the matrix coefficients of w. We also write

8w, 1) = (B(w) ® V) N C(M, 7y,), (0, T ) = @(w, T49) N (&) ® V5.

for any P,, P, € P (A). For any P € P(A4), set L(w, P) = @(w, 7pp) and £(w, P)
= (o, 7P|1_’)~

Let P € 9(A) and ¢ € L(w, P). We extend ¢ to a function on G by setting
Y(kmn) = 7(k)y(m) (k € K, m € M, n € N) and define the Eisenstein integral

E(P:y:vix) = fK Y(xk) (k) gV =er kN g (x € G, v € ad).

In this expression dk denotes a normalized Haar measure on K. The Eisenstein
integral defines a surjective mapping of L(w, P) on @(I(P, w,), 7); the mapping is
bijective if and only if I(P, w,) is irreducible.

From here on let ¢ € w € &,(M). Then &(w, 7,,) has the structure of a pre-
hilbert space, the norm being defined by the formula [|Y|1*> = [,/ [¥(m)||3, dm*,
where dm* denotes a Haar measure on M/ 4.

For every P,, P, € 9(A) and s € W(A) there is a meromorphic function of
v € ag,

cpyp(s:0:9): L(w, Py) - £(w°, Py)

defined such that for almost all » € a¢ the weak constant term is defined and
satisfies the relation
Er(Piivim) = 3 cpp(siom)p(mx,(m)  (m € M).

sEW(A)
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We also have the adjoint mappings cpp (s:0:9)*: £(w’, P)) > L(w, P,), defined
relative to the pre-hilbert structure induced on these spaces as subspaces of
& (w, 7). We may regard Cp,p (s:w:¥)* as a meromorphic function of » € a¢. The
functions cp p (s:w:v) and cp p (s:w:¥)* are bijective for almost all » € ag.

There is a scalar-valued meromorphic function u(w:») = ps(w:») on ag with the
following properties.

(1) p is holomorphic on a* and assumes nonnegative real values there.

(2) (w:v)cp p (s:w:7)* is the inverse of cp p (s:w:¥) for all v € ag where each is
defined (cf. [1, Theorem 20] and [4, Theorem 5.3.5.2]).

(3) Up to known constant factors u(w:») is the Plancherel’s measure for the
induced series {/(P, w,) (v € a*)} (cf. [1, Theorem 34] and [4, Theorem 5.5.2.1]).

The function w(w:») has an analogue for real groups. This analogue has been
shown to be expressible as a product of I'-factors (cf. [2] and [6]). In our paper [5],
we have shown that, for w € °6 (M), u(w:») is, after a change of variables, a
product of rational functions. In the theorem of the next section we shall show that,
if we GSP(M ), then p(w:») may be represented as a quotient of u-functions
associated to supercuspidal classes. It follows that p(w:») may always, through a
natural change of variables, be transformed into a rational function. In this sense,
the p-functions, both for real and p-adic groups, are “Euler factors”-like the Euler
factors corresponding to the Dirichlet series of number theory and the theory of
automorphic forms. Our discussion below also implies that the c-functions are in
essentially the same sense Eulerian, too.

2, The theorem. Let (P, A’) (P’ = M'N’) be a standard p-pair of G. Let
o' €W E b,(M'). Let (P, A) (P = MN) be a standard p-pair of G such that
P c P’ and A’ C A. Write (*P, A) (*P = M*N) for the standard p-pair (P N
M',A) *N=NnN M’) of M'. Let 6 € w € °6(M) and assume (as we may,
without loss of generality, according to results of Jacquet and Harish-Chandra [4,
Corollary 24.2 and Theorem 4.4.4]) that «’ occurs as a quotient class of
I(*P, wyzy,) with yy = X c,a € a* (summed over a € Z(*P, 4); ¢, > 0). In this
case for any »’ € ac*, I(P’, w)) occurs as a quotient class of I(P’, I(*P, wvTi, 4+,))
= I(P, oV 4 0)-

The result we wish to establish is

THEOREM 1. With the above notations, define the meromorphic function

p.G(w:\/jl- vy + l')
p.M,(w:\/—_l vy + v)

pw:v) = (v € ad).

Then pg(w':v') = fil(w:¥) (v € al*).

The remainder of the paper is devoted to the proof of Theorem 1.

We introduce a slight variant of the set-up of [4, Theorem 5.3.5.4] (also see [1,
§13)]). First, fix a set of representatives S C M for K \ G/N. Define the locally
constant function u: G — S and the continuous functions k: G > K andn: G—> N
such that x = k(x)u(x)n(x) for all x € G. Assume that k(x) € K N M’ = *K and
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7n(x) € *N for all x € M’. Write 9(x) = *n(x)n’'(x) with *n(x) € *N and 7'(x) €
N’, also p'(x) = p(x)*n(x), i.e., x = k(X)'(X)n'(x) = x(X)p(x)*n(x)7’'(x).

Let Q € ¥(A4) be such that Q c P’ and Q N M’ =*P. For any » € %(Q)
and any y € @(w, 7) set

Tp(eYUm) = Y(G/ M) [ (kT ()m)q T 7o ® di,

P ()Hm) = V(M /MY [ g(mp(*R) )r((7) )<V oD v
and
Jgp(»)¥(m) = Jp(v).pJ (v)¥(m)
=pJ(@)p(V)(m)  (m € M).

The above integrals are absolutely and compact uniformly convergent (at least) on
%c(Q). By [4, Theorem 5.3.5.4]

oMY = cgp(l:w:v)y (¥ € L(w, P)),
=cop(l:w:9)*y (¥ € £(w, Q));
W = C‘P|‘P(l twir)Y (¢ € L(w, *P)),
=cppr(l:w:9)* (Vv € Lo, *P)).

Since the c-functions and their adjoints are meromorphic functions on ag, it
follows that Jg, and .pJ, regarded as operators with the respective domains
L(w, P) or £(w, Q), L(w, *P) or £(w, *P), have meromorphic extensions to al.
Similarly, for suitably chosen y, the functions J,(»)y are also meromorphic on ag.
Each of these operators has an adjoint with respect to the given pre-hilbert
structure on @(w, 7,,). (We always denote the adjoint of an operator T by T*.) We
shall also use, without explicitly defining them, the operators J5., .5/, Jop» and
their adjoints, i.e., the analogous operators associated to the opposite parabolic
subgroups.

LEMMA 2. Let y € L(w, *P) and assume that
E(*P:4: V-1 »y) = ¢ € (', 7p,).
(1) If ¢ € L(', P’), then
cpp(1:0':0) = E(*P: Jp V-1 vy + »): V-1 »,).
(@) If ¢ € L(', P’), then
cpp(1:0:7)*¢ = E(*P: Jp(V=1 vy + ¥'): V-1 ).

In both cases, the two sides of the equality and the operator Jp(V -1 vy + V') are
meromorphic functions of v' on ac* whose only singularities lie in hyperplanes.

PrOOF. We prove only (1), as (2) goes similarly. By [4, Theorem 5.3.5.4],
(analogue for v’ € &,(M’) of [1, Theorem 23])
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Y(G/ M')cgp(1:6" 0" )p(mM) X, 4 Vi p, (M)

= f_ f (k(A )W/ (7Y mk)r(k™) <=1 7 =prHp Fm>
Nk

+ g<rom P Her (K WImK> i i

= [ [ r(@) (@) micyr(k) g€V 7 == en Hr G e i,
N'J*K
meE M.

For all »’ € 9.(P’) the iterated integral converges (again, [4, Theorem 5.3.5.4)).
First, let us see that iterating in the opposite order yields

Y(G/M")E(*P: Jp (V-1 vy + ¥ ): V-1 (vy + pp) + ¥':m).
(We leave aside, for the moment, questions of convergence.) Setting
*i = k(*R)p(*A)(*7) (*FE*N=NnM)

and changing variables, we obtain

Y/ M) [ [ (T () m)r(k gV o er i@ it i

= [ L OGN ym* A ) ()

. q<\/3 ¥ —ro—ppHp (A m*ap™ CW))>-2ppHp A g/ d*% it

= [ [ wOE e FY R (R (o))
o

- gV o Hp (T Rm D20 He O i gty (*y = m* fim")

= f o fﬁ, (e(* 7)) (e (@ DY (A" (* ) mp~ (*7))7(k(* 7))

- gCV=1 Y = vompp Hp (R W R)mu ' C)>-2or He A g g% iy

(7" = k7' (*7) 7 k(* 7))

= [ <G/ M (VT 3y + )

- Y(p(*A)mp (7)) e (e (7))
. q<\/:T "—'o‘Prv”r(I‘("7!)’"“_'(”7)»‘2("'”’(.5»d‘r-l
= y(M'/M)’y(G/M')E(*P:J,.’( V-1 pyy + v’)\p: V-1 (vy+ pp;) + V’:m),
as claimed. :
We claim that, to prove Lemma 2(1), it is enough to show that the double
integral exists for all »’ in an open subset of ac*. Since the singularities of Jp(»), by

the product formula [4, §5.4.3], lie in hyperplanes in ag, the existence of the double
integral on an open subset of ac* implies that J,(V -1 », + »’) is meromorphic as
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a function of »" on ag* with singularities lying in hyperplanes of ac*. Since the
Eisenstein integral obviously preserves meromorphicity, both sides of the integral
formula are meromorphic on ag* with hyperplane singularities. (The equality of the
two sides combined with the product formula for ¢z p(1:w":#") also implies this.)

We shall check that the double integral exists for all »" € ac* such that »' =
v + V=1 v} (vp, v} € a’*) with (¥} + vy, @) > 0 for all a € Z(P, A) — S(*P, A).
To see this, let =,, be the Harish-Chandra =-function [4, §4.2] associated to the
group M and the torus 4,. Extend Z,, to a function on G by setting = ,,(kmn) =
Ey(m)(k € K,m € M, n € N). Then [4, Corollary 4.3.10] implies that

f,,—,, g+ OCrH N (1) dit’

converges absolutely for every ¢ > 0. We shall change variables and observe that
the double integral can be, essentially, split into the product of two integrals, one of
which is obviously finite and the other of which is dominated by the above
integrand.

Since w is a discrete series class (being in °& (M), ¢ € C (M, 7,,) (the Schwartz
space with respect to M/ A). Therefore, there exists a constant C > 0 such that

(kDY Ty mkyr(k )l g € = roentirmkd)

< CE, (n'mk)g<ri—ro—enHr@mk))  foralli’ € N',m € M, and k € *K.
Changing variables as before, we have

y(M'/ M) fﬁ, [  Enmk)q i emen BT e i

) fﬁfﬁ Ew(Am*ap!(*n))

. q<“’; ‘"o_Prx”r(ﬁ""'ﬁﬂ_l('ﬁ))>-2<Ph”r("7)>d*ﬁ dn’

N RERCC AR
N'/*N
. q<—v} —vo—pp Hp(A"p(* A )mp~ (7)) >~ 2pep. Ho (M) g 7 i

('7” = K(‘ﬁl)_lﬁ"((*ﬁl); *ny = m*ﬁm_l)

= f_ f B (A () mp (7)) g o He
NN

 g<rom erHECRY) gGomerHpC R g i =ro=brHe(m) g 7 dit”.

By [4, Lemma 4.3.4], [<pp, Hp(*n,) — Hp(*n))| is bounded for all *i € *N;
similarly, |{vo, Hp(*n,) — Hp(*n))|. It follows from [4, Theorem 4.2.1] that =,,(7")
and E,(n”w(*n,)mp"'(*n1)) have the same order of magnitude, independent of
*7i € *N. Furthermore, ¢ 2®H,CD> dominates g=<PrHrCA+H:CD> Thys, since
Joig @72 HeCM0g it and [, =, (77)q O+ e B G’ converge, the double integral
converges, provided {v; + vy, a) > 0 for all a € Z(P, A) — Z(*P, A). Indeed,
since Hp(n’) is a nonnegative (essentially integer) linear combination of elements of
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3(P, A) — Z(*P, A), we see that {v; + vy, Hp(')) > epp, Hp(7')) for ¢ >0,
assuming the above condition on »; + »,. This completes the proof of Lemma 2(1).

LEMMA 3. For all v € af where these operators are defined Jp{v)* = Jp(v) on
Jp{v)L(w, P); furthermore

(@ @ P)ppgw : ")_IJF'(”)JP'(”)
is the identity operator on L(w, P).
ProoOF. By [1, Theorem 20}, for all » € af and ¥ € L(w, P)
¥ = pg(w:v)cgp(l : w: P)*cgp(l 1 w:v)y
= pg(w : )Jgp(1 : @ : #)*Jgp(1 : @ : ¥}y
= (@ : V) p(P)*Coppep(l 1 @ 1 7)*Cappap(l : @ : #)Jp¥)Y
= (@ : W)y 2 ¥) " Tpd )T p ()Y
It follows from [4, Theorem 5.3.5.4] that
Jop(P)*y = Jos(v)y forally € £(w, Q);
similarly
(@)Y = 5J(v)y forally € (w, *P).
Since, moreover,

Jor (W = J (W)Y = Jp(v)s5I (V)Y = Jp(¥)*.pJ (¥)*¥
for all ¢ € £(w, @), we see that Jz(»)¢ = Jp(¥)*Y for all y € Jp(v)L(w, P) and
that

(@ : P)ppg(w ")_IJF'(")JP'(”)
is the identity on L(w, P) for all » € ag.
LEMMA 4. ji(w : ¥') = p(w’ : »).
PROOF. Let ¢ and ¢ be as in Lemma 2. By [4, Theorem 5.3.5.2] (generalization to
w’ of [1, Theorem 20])
¢ = p.(w’ : ”’)CFIIP/(I N w’ . ;')‘CFrIP'(l . w' : l")¢o
By Lemma 2,
¢ =E(*P: (o : ¥)Jp(V-1 9, + v')JP,(V—l vo+ Y)Y V-1 »,)
and, by Lemma 3,
¢ =E(*P: (0 : ¥)W5(V-1 vy + v)p (V-1 5o+ v)¥ : V-1 ,).

Since u(w’ : v’) is meromorphic on ag, the lemma and Theorem 1 follow.
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